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Outline

• Semileptonic D decays [hep-ph/0408306 → PRL]

• Prototype for semileptonic B decay & |Vub|

• Leptonic D Decay [hep-lat/0410030 ← Lat ’04]

• Prototype for B- B̄ mixing & |Vtd|

• Mass of the Bc Meson [hep-lat/0411027 → PRL]

• Test of heavy-quark discretization effects



Preliminaries



• Recent progress looks dramatic, and the 
goals are bold.

• This talk: the first steps.
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Unquenched Calculations
• Results assume (and suggest!?)

• 	
• staggered (partially quenched) chiral PT

• effective field theories for heavy quarks

• Predictive tests of these assumptions 
valuable.

• Even without “issues,” outsiders like tests of 
inscrutable black boxes.

[det4 M ]1/4 .
= det1(!D + m)
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sea

u,d

• Dots at 0.04 are PDG.

• Error bars are lattice QCD.

• Linear extrap (by eye).

• Gasser-Leutwyler χlog gets 
closer (solid).

• Sharpe-Shoresh χlog even 
closer (dashed).

• Aubin-Bernard χlog has 
better CL.

Chiral Extrapolation

0.0958



Tests

calculation light sea χPT heavy

semileptonic ★★ ★ ★

leptonic ★★ ★★★ ★

Bc mass ★★ ★ ★★★



Semileptonic D Decay
f D→π+ (q2)& f D→K+ (q2)



Semileptonic Decay

I. INTRODUCTION

Processes involving weak decays of B and D mesons are of great interest, because they
yield information on the more poorly known elements of the Cabibbo-Kobayashi-Maskawa
(CKM) matrix. Semileptonic decays have traditionally been used to determine the CKM
matrix, for example, Vud (through nuclear β-decay), Vus (Kl3), Vcb (B → D(∗)lν), and
Vub (b → ulν) [1]. In the first three cases flavor symmetries (isospin, SU(3) flavor, and
heavy quark symmetry, respectively) greatly simplify one’s theoretical understanding of the
hadronic transition matrix elements. In the symmetry limit, and at zero recoil, current con-
servation ensures that the matrix elements are exactly normalized. Even when estimates of
the deviations from the symmetry limit are difficult to calculate reliably, the deviations tend
to be small. Thus, the overall theoretical uncertainty on the decay process is under con-
trol. Given good experimental measurements, this procedure then determines the associated
element of the CKM matrix.

For semileptonic decays of charmed or b-flavored mesons into light mesons there are no
flavor symmetries to constrain the hadronic matrix elements. As a result, the errors on |Vub|
are currently dominated by theoretical uncertainties and are not well known [1]. For the
same reason the best value for |Vcd|, at this time, comes from neutrino production of charm
off of valence d quarks (with the cross section from perturbative QCD), rather than from
the semileptonic D decays. In this paper we take a step towards reducing the theoretical
uncertainty by using lattice QCD to calculate the form factors for the decays B → πlν and
D → πlν. Although our results are in the quenched approximation, we introduce several
methodological improvements that carry over to full QCD. Moreover, this work is the first
to study the lattice-spacing dependence of the form factors.

There is a considerable ongoing experimental effort on this subject, which will lead to
measurements of the differential decay rates. For B → πlν,

dΓ

dp
=

G2
F |Vub|2
24π3

2mBp4|f+(E)|2
E

, (1.1)

where E = pπ · pB/mB is the energy of the pion in the rest frame of the B meson, and

p =
√

E2 − m2
π is the magnitude of the corresponding three-momentum. (pπ and pB are

four-momenta. For D → πlν, replace Vub with Vcd, mB with mD, and pB with pD.) The
non-perturbative form factor f+(E) parametrizes the hadronic matrix element of the heavy-
to-light transition,

〈π(pπ)|Vµ|B(pB)〉 = f+(E)

[
pB + pπ − m2

B − m2
π

q2
q

]µ

+ f0(E)
m2

B − m2
π

q2
qµ, (1.2)

where Vµ is the charged b → u vector current, and q = pB −pπ is the momentum transferred
to the leptons. For reasons that are made clear below, we prefer to consider the form factors
f+ and f0 as functions of E. This kinematic variable is related to the more common choice
q2 = m2

B + m2
π − 2mBE. The contribution of f0 to the decay rate is suppressed by a factor

(ml/mB)2 so we shall present the rate given in Eq. (1.1). In the decay B → πτν both form
factors are important, however, so both are tabulated below, in Sec. VI.
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One example :

Vcs from semileptonic decay D Kl!

Experiment

K
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+

l

l
!

D

W

" D Kl! #
q2max

0

dq2 f q2 2 Vcs
2

q pD pK

Lattice

K pK Vµ D pD f q2 pD pK
m2D m2K

q2
q

µ

f0 q
2
m2D m2K

q2
qµ

}

B π dΓ

dE
=

G2
µmB

12π3
|Vub|

2p3|f+(E)|2



Polology

• For E < 0, there are poles and cuts, and so 
on, from real states in Bπ (Dπ) scattering.

• vector mesons for f+ at E ~ – Λ2/mQ, – Λ ...

• scalar mesons for f0 at E ~ – Λ ...

• Their effects spill into physical region E > 0.

• For f+, the B* (D*) is nearby.



BK Ansatz

• With this in mind Becirevic and Kaidalov 
proposed the parametrization	
	
	
	
	

• Builds in kinematic constraint, the closest 
pole in f+, and has parameters for the slop.

f+(q2)= F
(1− q̃2)(1−αq̃2)

,

f0(q2)=
Fβ

β− q̃2, q̃2 := q2/m2D∗



• Advantages

• builds in pole, & also heavy-quark scaling laws

• fit to BK is most sensitive to low energy, yet f0 
influences f+ through F = f0(0) = f+(0).

• Disadvantages

• parametrization deteriorates with E

• fit to BK is sensitive mostly to low energy, and 
f0 determines F = f0(0).



D ! and D K results (hep-ph/0408306, accepted for PRL)
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• An alternative is to avoid BK altogether, and 
use χPT to extrapolate jointly in (mq, E):"
"
"
"
"
"
"
"
"

• Consistent, but no-BK has larger error in  
low q2 (high E) region.

0 1 2
0.5

1

1.5
BK!based analysis (black)  vs.  alternative analysis (red)

f0
f+
experiment

D!>!
q2(GeV2)



hep-ph/0408306

• D → Klν: �
�
#
#

• D → πlν: "
"
"
"

fD→K
+ (0) = 0.73(3)(7)

fD→π
+ (0) = 0.64(3)(6)

fD→K
+ (0) = 0.78(5) [BES, hep-ex/0406028]

fD→π
+ (0) = 0.86(9)fD→K

+ [CLEO, hep-ex/0407035]
fD→π
+ (0) = 0.87(3)(9)fD→K

+

dominant error:
heavy quark

discretization



D → Klν vs. q2

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45

q2/mDs*
2

0

0.5

1

1.5

2

2.5

f +(q
2 )/f

+(0
)

0

q2
max/mDs*

2

lattice QCD [Fermilab/MILC, hep-ph/0408306]
1σ (statistical)
2σ (statistical)

D → Klν



D → Klν vs. q2
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All of CKM

• Okamoto has combined our (i.e., his) 
calculations of D → π and D → K with 
preliminary calculations of B → D to obtain 
the middle row of the CKM matrix.

• add B → π, K → π to get 5/9, and unitarity to 
fill out the top row, the right column, and |Vts|.

• add sin(2β) to get the last element, |Vtd|. 

hep-lat/0412044



Leptonic D Decay
fDs & fD



fDs & fD

• D meson decay constants either

• determine |Vcs| and |Vcd|

• check QCD (with |Vcs| and |Vcd| from CKM 
unitarity).

• CLEO-c is measuring them.

• A test of light quarks and (staggered) PQχPT.



Chiral Extrapolation fD

• Extrapolate in sea mu 
and valence mq to get 
down to real ml.

• Single fit to all data 
constrains χPT better.



Staggered PQχPT

• In the case of decay constants, chiral logs 
are important.

• In staggered PQχPT,  Aubin & Bernard find"
"
"
"
so singularity of PQχPT softened.

m
2
uu

lnm
2
qq

→

{
m

2
uu

lnm
2
average

m
2
uu

lnm
2
taste singlet



Fit all 60 combinations of (amu, amq).



f D
/f

D
s

f D
/f

D
s

amu = amq part 
  of stagPQχPT fit (dotted)
  with O(a2) bits turned off (solid)



Chiral Extrapolation fDs

• Interpolate in 
valence mq to get 
down to real ms.

• Extrapolate in sea 
mu to get down to 
real ml.



Currently obtained in
a separate linear fit.



Preliminary Results

• J. Simone et al., hep-lat/0410030 (Lattice ’04)
"
"
"
"
"
"
"
discretization uncertainty as in form factors.
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Figure 2. Extrapolation in the light sea quark
mass for fDs

√
mDs

. The curves show a linear
fit (soild) and the 68% confidence level statistical
error bounds (dotted).

dominant systematic uncertainty, 7%, is from the
mismatch between the lattice theory and QCD,
as discussed in Ref. [7]. Our final results will in-
clude an improved estimate of this uncertainty
incorporating results from finer and coarser lat-
tice spacings, which are now in progress.

4. RESULTS

Statistical and systematic uncertainties are
summarized in Table 1. Our estimates of heavy
quark matching effects and light quark discretiza-
tion effects are based on results from a single lat-
tice spacing. We will refine our error estimates
and update our results once decay constants from
additional lattice spacings are known. The heavy
quark matching uncertainty can be reduced by in-
cluding the higher order matchings for the action
and the currents [8,9].

Combining in quadrature the systematic uncer-
tainties shown in Table 1, we find our preliminary
results:

fDs

√
mDs

fD
√

mD
= 1.20 ± 0.06 ± 0.06 ,

fDs
= 263+5

−9 ± 24 MeV ,

fD = 225+11
−13 ± 21 MeV .

Table 1
Error budget as percentage of each quantity.

source Rd/s fDs

√
mDs

fD
√

mD

stat.+extrap. 4.7 3.3 6.2
HQ matching <1 7 7
LQ discret. 4 4 4
mc det. <1 4 4
val. ms, md 2 1 2.2
a & sea quark <1 2 2
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Soft pion theoremCheck for D ! decay:

f D !
0

q2max fD f! (“Soft pion relation”)
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Outlook
• We will combine form factors and decay 

constants to obtain combinations that can 
be compared directly to experiment, with 
no CKM input:

1

ΓD→lν

dΓD→πlν

dq2
∝

∣
∣
∣
∣

fD→π
+ (q2)

fD

∣
∣
∣
∣

2

1

ΓDs→lν

dΓD→Klν

dq2
∝

∣
∣
∣
∣

fD→K
+ (q2)

fDs

∣
∣
∣
∣

2



Bc



Bc

• Meson composed of a beautiful anti-quark 
and a charmed quark.

• Unusual beast

• contrast with Bs & Ds, ψ & ϒ: vc = 0.7.

• no annihilation to gluons

• Prediction: αs, mb, mc taken from 
bottomonium and charmonium



Heavy Quarks

• With heavy quarks in lattice QCD there 
are two short distances: a, 1/mQ

• Use effective field theories to control 
them: short-distance coefficients Ci(mQa).

• Eichten; Lepage et al.; El-Khadra, ASK, PBM

• Use latNRQCD for b and Fermilab for c.



Lattice NRQCD Fermilab Method

LQCD

↓
LHQ

↓
LLGT

↓
LHQ(a)

↓
LHQ

↓
LQCD

LQCD

↓
LLGT

↓
LHQ(a)

↓
LHQ

↓
LQCD



Essentials

• We calculate two mass splittings	
	
	
	

• Everything is gold-plated, in the sense that 
the mesons are all stable, and far from 
threshold.

• Chiral extrapolations mild.

∆ψΥ = mBc
−

1

2
(m̄ψ + mΥ) quarkonium baseline

∆DsBs
= mBc

− (mDs
+ mBs

) heavy-light baseline



Error Analysis

• Statistical error is straightforward & small.

• Uncertainty from a–1, mb, mc easy to 
propagate: latter two are ±10, ±5 MeV.

• Main problem is to estimate the 
discretization effect for the heavy quarks



Discretization Effects

• Use calculations of tree-level mismatches

• Wave hands for one-loop mismatches 

• Estimate matrix elements in potential 
models

• Check framework with other calculations

(short distance mismatch) • (matrix element)



• Splittings:	
	
	

• Meson mass:	
	
	

• More checks on quarkonium baseline, so it 
is our main result.

Results

∆ψΥ = 39.8 ± 3.8 ± 11.2
+18
− 0 MeV,

∆DsBs
= −

[
1238 ± 30 ± 11

+ 0
−37

]
MeV,

mBc
= 6304 ± 4 ± 11

+18
− 0 MeV,

mBc
= 6243 ± 30 ± 11

+37
− 0 MeV,



Comparison

6200

6300

6400

6500

6600

m
Bc

 (M
eV

/c
2 )

lattice QCD, Feb. 1999
lattice QCD, Nov. 2004
CDF, Dec. 2004

m2+1Bc = 6304±4±11+18
−0 MeV

[hep-lat/0411027→ PRL]

mexptBc = 6287±5 MeV
[CDF, W&C seminar, 12/3/2004]

mnf=0
Bc = 6386±9±15±98 MeV

[Phys. Lett. B 453, 289 (1999)]

hep-ex/0505076



Summary



Achievements
• Results for leptonic and semi-leptonic D 

decays and the mass of the Bc meson.

• Agreement with BES, CLEO, FOCUS, and 
CDF with similar time-scale and error, 
including predictions.

• Tests heavy-quark methods (Bc), light 
valence quarks (fD), and light sea quarks (f+).

• Methods now in use for B physics.



Junior Collaborators

• Masataka Okamoto, semi-leptonic decays

• Chris Aubin, staggered chiral PT

• Matthew Nobes, pQCD matching

• Ian Allison, Bc mass
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