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Abstract

We propose to employ the anisotropic Nf = 2+1 dynamical clover configurations for a study of
the meson and baryon resonance spectrum at quark masses corresponding to pion masses of around
230 and 380 MeV. We will exploit the “distillation” method to enable the efficient computation of
the hadron correlation functions. A major goal is the determination of both the meson and baryon
spectrum, including the multi-hadron energies, to extract the momentum-dependent phase shifts.
We will exploit GPUs for the solution of the Dirac equation, and clusters for the construction of the
hadron correlation functions. We request 1.84M GPU-hours on GPUs, and 20.9M Jpsi-
equivalent core-hours on the clusters. We request tape storage of 355 TBytes, 956K
J/Psi-equivalent core-hours, and disk storage of of 80 TBytes, 2.2M J/Psi-equivalent
core-hours.
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Physics Goals

In order to really understand QCD and hence test whether it is the complete theory of the strong
interaction, we must determine the spectrum of mesons and baryons that it implies and test those
spectra against high quality experimental measurements. The complete combined analysis of avail-
able experimental data on the photoproduction of nucleon resonances, and the measurement of the
electromagnetic properties of the low-lying baryons are the HP3 and HP7 DOE milestones in hadronic
physics[1], with theory support integral to the current and future experimental program[2]; the ex-
perimental investigation of the meson spectrum, and in particular the search for mesons with exotic
quantum numbers, is the aim of the GlueX Collaboration at JLab@12GeV, and the target of a new
milestone HP15 (2018).

Given the current intense experimental efforts in hadron spectroscopy, the need to predict and
understand the hadron spectrum from first principles calculations in QCD is clear. Hence, we have a
multi-year program aimed at a comprehensive study of the meson and baryon resonance spectrum.
A strategic goal of USQCD is to address the key questions in hadronic physics, and thus we believe
our proposal satisfies the criteria for a Class-A proposal

Beyond determining the excited-state spectrum, we aim to explore the properties of some of these
states through the investigation of the electromagnetic form factors and transition matrix elements,
providing vital input to experimental studies for both baryons and mesons, for example by informing
expected production rates at GlueX. Our program exploits the anisotropic clover gauge configurations,
designed for spectroscopy, generated under the proposal of Edwards et al.. The rest of this section
describes progress towards these goals that has been made during the current allocation period, and
our physics aims in 2011-2012.

Progress in 2010/2011

Since the last USQCD All-Hands Meeting, we have continued to exploit the “distillation” quark
source construction[3] to expand the range of spectroscopic quantities accessible to lattice QCD
calculations, and to advance towards our goal of understanding meson and baryon resonances from
first principles. In particular, there have been major advances across four topics: the calculation of
the isovector meson spectrum, mapping out the energy-dependent phase shift in I = 2 ππ Scattering,
the calculation of the isoscalar spectrum, and excited-state baryon spectrum.

Isovector Meson Spectrum

The calculation of the isovector meson spectrum on the Nf = 2⊕ 1 lattices at pion masses down to
380 MeV has been published, updating the preliminary results presented in the proposal of last year.
A key result is the reliable determination of the continuum spins of the (single-particle) states, and the
identification of states of spin as high as four. An important outcome of this calculation is illustrated
in Figure 1, where we show the isovector states of exotic quantum numbers, together with calculations
of the 1−+ exotic from other groups; our results suggest that numerous mesons of exotic quantum
numbers exist in a region accessible to the future GlueX experiment at JLab@12GeV. This calculation
featured as a Selected FY10 Accomplishment in Nuclear Theory in the FY12 Congressional Budget
Request[4]. A further observation from this work, that has provided a motivation for the program
outlined below, is that we found little evidence for two-particle states in the spectrum.
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Figure 1: Summary of masses of the lowest-lying states for several exotic quantum numbers at two
volumes, and at four quark masses[5]. For comparison, a compendium of results from other groups,
in both quenched and full QCD, is also plotted.

The phase-shift of I = 2 ππ scattering

Despite the advances above, it remains a challenge to extract properties of resonances that appear
in the scattering of stable hadrons. One procedure, due to Lüscher [6], maps the discrete spectrum
of eigenstates of QCD in a finite cubic volume to the phase shift for elastic scattering. By extracting
multiple excited eigenstates within a given quantum number sector, one can map out the phase shift
as a function of scattering momentum and, if present in that channel, observe resonant behaviour.
To demonstrate the feasibility of the technique, we explored a simpler sector, that of ππ scattering in
isospin-2 (I = 2), where the interaction is not strong enough to form a resonance, but rather is weak
and repulsive, and in which there are no quark-annihilation contributions[7].

We employ as our basis operators that resemble a pair of pions with total momentum zero, and
with definite relative momentum:

OΓ,γ
ππ (| ~p |) =

∑
m

Sl,mΓ,γ

∑
p̂

Y m
l (p̂)Oπ(~p)Oπ(−~p),

where the Γ, γ denote the irreducible representation and the row of that irrep., and the Sl,mΓ,γ the
subduction coefficients. The distillation method has enabled us to project onto states of “definite”
inter-pion momentum not only at the sink, but also at the source and hence to apply the variational
method to obtain many energy levels in each sector.

Having determined the low-lying ππ energy levels in each lattice irrep. we are then able to extract
the phase shifts on each volume, at a discrete set of momenta. The l = 0 and l = 2 phase shifts
δ0(k) and δ2(k) are shown in Figure 2; the calculations are performed at three values of the pion
mass, down to mπ = 396 MeV. Because we were able to obtain many energy levels, we were able
extract the energy-dependent phase shifts on a single volume, with a comparison between the different
volumes used for consistency. Thus we have, for the first time, obtained both the S- and D-wave
momentum-dependent scattering phase shifts, laying the groundwork for systems exhibiting resonant
behavior.
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Figure 2: Phase shift in degrees for I = 2 ππ scattering with l = 0 and = 2, at momentum k2(GeV2),
at several pion masses and volumes, with statistical and estimated systematic uncertainties. The
experimental data are from [8, 9, 10, 11].

Isoscalar meson spectrum

The calculation of the isoscalar meson spectrum, and the study of the hidden-flavor composition of
states, is a challenging undertaking. In a recent letter[12], we exploited the “distillation” method,
with the corresponding perambulators (the parallel transporters of the method) computed using
the USQCD GPU cluster, to overcome the difficulty of efficiently including the quark-annihilation
contributions, and obtained a high-precision calculation of the spectrum and of the flavor mixing
angles, including for highly excited states and for states of high spin.

We employ as our basis of operators

O`A(t) = 1√
2

(
ūΓAt u+ d̄ΓAt d

)
OsA(t) = s̄ΓAt s,

where u, d, and s are the up, down and strange quark fields, and the ΓAt are operators acting in color,
Dirac spin, and also in space[3], at a time slice, t; in the following we have SU(2) flavor symmetry and
therefore use l to denote the light (u, d) quarks. We combine these operators to construct two-point

correlators of the form Cq
′q
AB(t′, t) = 〈0|Oq

′

A(t′)Oq†B (t)|0〉 which, after integration of the quark fields,
can be composed from connected components, diagonal in quark flavor,

Cq
′q
AB(t′, t) = δqq′Tr

[
ΦA(t′)τq′(t

′, t)ΦB(t)τq(t, t
′)
]
,

and disconnected components that can mix flavor,

Dq
′q
AB(t′, t) = Tr

[
ΦA(t′)τq′(t

′, t′)
]

Tr
[
ΦB(t)τq(t, t)

]
.

The disconnected terms D require perambulators τq(t, t) with sources on every timeslice t. We
maximize the signal-to-noise ratio by averaging:

Dq′q(t) =
1

Lt

Lt∑
t0

Dq′q(t+ t0, t0),

Cqq(t) =
1

Nt

Nt∑
t0

Cqq(t+ t0, t0)
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Figure 3: Time-source averaged connected and disconnected correlators with ΓA = ΓB = γ5.

where Lt = 128 is the temporal extent of the lattice, and Nt = 32 in our calculation; such an averaging
yields disconnected contributions of comparable statistical precision to those of the connected con-
tributions. Our distillation procedure enables us to sample the full spatial volume at each timeslice
yielding a considerable reduction in noise with respect to “point-to-all” methods.

For a particular combination of creation and annihilation operators (A,B), the flavor subspace in
the correlation matrix is written

C =

(
−C`` + 2D``

√
2D`s√

2Ds` −Css +Dss
)
.

The quality of the signal for both the connected and disconnected pieces is shown in Figure 3. We find
in our analysis that for each value of JPC , the energy eigenvalues occur in pairs, from which we can
find the flavor composition by diagonalizing the matrix C above. Our final results are summarized in
Figure 4. For “conventional” mesons, we found near ideal mixing other than in the pseudoscalar and
axial states. We also computed, for the first time in a lattice calculation, isoscalar “exotic” states;
these appear at a mass scale comparable to their isovector cousins.

Excited Baryon Spectrum

The use of continuum-based operators has proven equally, if not more, important in the baryon sector,
where the many spins subduce to only three lattice irreps: G1, G2 and H. For the construction of
a basis of baryon interpolating operators that have the correct symmetry properties under flavor,
rotation, spin and color, we follow the methology summarized by Feynman, Kislinger and Ravndal[14].
Once we have a set of “continuum-like” operators {OJ,M}, using lattice discretised derivatives, we
project onto the lattice irreps Λ = G1g/u, G2g/u, Hg/u through

O[J ]
Λ,λ =

∑
M

SJ,MΛ,λ O
J,M ,

where the SJ,MΛ,λ are calculable subduction coefficients. As in the case of mesons, these single-particle
subduced operators retain a strong memory of their continuum progenitors. The spin-identified
nucleon and ∆ spectra have been computed on the 163 × 128 lattices at pion masses down to
mπ ' 400 MeV, refining the earlier calculation using our group-theoretic construction[15]. The
calculation at the lightest pion mass is summarized in Figure 5; the pattern of low-lying states is that
expected within a quark model, including the absence of the 4PM

1
2 ∆ state forbidden by the overall

antisymmetry of the state.
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Figure 4: Isoscalar meson spectrum labeled by JPC , where the box height denotes the statistical
uncertainty. The light-strange content of each state (cos2 α, sin2 α) is given by the fraction of (black,
green) and the mixing angle is also shown. Horizontal square braces with ellipses indicate that
additional states were extracted in this JPC but were not robust. Grey boxes indicate the positions
of isovector meson states extracted on the same lattice (taken from [5]). Pink boxes indicate the
position of quenched glueballs[13].

Theoretical advances

There has been considerable effort aimed at designing and implementing efficient methods of com-
puting the correlation functions, and stochastically estimating low-lying effects of quark propagation
for both mesons and baryons, using both single- and multi-hadron operators[16, 17, 18, 19]. These,
and similar, ideas will be crucial for scaling to large volumes and light pion masses, as we see below.

Plans for 2011/2012

With the calculations of the last year, we now have the ingredients to begin a study of the excited-
state spectrum in which we extract the energy-dependent phase shifts: the construction of a basis of
single-particle interpolating operators of known continuum quantum numbers, the ability to extract
the energy-dependent phase shift, in particular at a single lattice volume, and finally an efficient
means of evaluating the disconnected contributions to hadron correlation functions.

Our aim in the coming year is to apply these advances to to begin the investigation of channels
exhibiting resonant behavior, notably in the meson sector, with the multi-hadron contributions to
the energy spectrum correctly included. Amongst the channels we will explore are I = 2 ππ at non-
zero total momentum, the decay ρ −→ ππ with both the ρ at rest and moving, and the single- and
multi-particle spin-identified baryon spectrum. We will also explore a0 −→ ηπ,KK̄, an example of
an inelastic channel.
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Figure 5: The left- and right-hand panels show the nucleon and ∆ excited-state spectrum obtained
on the 163 × 128 lattices at mπ ' 400 MeV. The open boxes denote the identified pattern of states
within the quark model.

Theoretical tools

An important theoretical element demand has been the construction of an operator basis at non-zero
momentum, and in particular derive operators that retain a memory of the continuum analogues,
which we then subduce onto the lattice little groups[20, 21]. This has now been completed. For the
case of inelastic decays, a generalization of the method of Lüscher has recently been proposed[22],
which we will adapt to our studies.

Computational Strategy

Actions and Parameters

We will employ the Nf = 2 + 1 anisotropic clover gauge configurations that are being generated as
part of the proposal of Edwards et al.. As part of our long-term plan, we will in this year explore the
hadron spectrum at lighter values of the pion mass and at larger volumes, namely on the 323 × 256
lattices corresponding to pion masses of around 230 and 380 MeV.
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Figure 6: The left- and right-hand panels show the strong-scaling performance of the inverter on the
243× 128 and 323× 256 lattices, respectively. The blue and brown bars show the performance on the
GTX-285 and GTX-480 “Fermi” gaming cards, respectively.

Calculation of correlation functions

We will continue to use the “distillation” method. The number of eigenvectors employed has to
be sufficient to explore the low-lying states of interest, and at the target volume we require of or-
der Nvec = 500 eigenvectors. In order to overcome the increase in eigenvectors Nvec, we will use a
stochastic sampling of the eigenvectors. This not only reduces the computational costs of the peram-
bulator computations, but also reduces the memory and computational requirements for computing
the correlators; for the quark annihilation contributions, we will use temporal dilution.

Software

We propose to exploit both the clusters and the GPUs. The computation of the perambulators,
involving the solution of the Dirac equation, will be performed on the GPUs.

We propose to continue to exploit both the GPUs and the clusters. For the GPUs, we use the
parallel QUDA library developed by Ron Babbich, Mike Clark and Balint Joo[23]. The performance
of the inverter for the target lattices, 243 × 128 and 323 × 256, is shown in the left- and right-hand
panels of Figure 6, and exhibits good scaling between 243 × 128 lattices on 4 GPUs, and 323 × 256
lattices on 8 GPUs.

The construction of the elementals, and the contractions of those elements to form the correlation
matrices, will continue to be performed on the clusters. We have developed a new package, Red-
Star, that automates operator construction and the many Wick contractions to reliably calculate the
matrices of correlation functions.
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Task Volume mπ Neigen Nsamp Nt0 Nline Cost/config Ncfg TOTAL

u/d quark 323 × 256 230 512 32 32 5 1820 350 796K
s quark 323 × 256 230 512 32 32 3 108 350 38K
u/d quark 323 × 256 380 512 32 32 5 682 200 171K
s quark 323 × 256 380 512 32 32 3 108 200 22K
TOTAL 1027K

Task Volume mπ Neigen Nsamp Ndil Nline Cost/config Ncfg TOTAL

u/d quark 323 × 256 230 512 32 64 2 1820 350 637K
s quark 323 × 256 230 512 32 64 1 69 350 24K
u/d quark 323 × 256 380 512 32 64 2 667 200 133K
s quark 323 × 256 380 512 32 64 1 69 200 14K
TOTAL 808K

Table 1: The upper and lower tables show the resources required to compute the connected and
quark-annihilation perambulators. The last two columns show the resources per configuration, and
in total, for each task, in GPU-hours.

Requested Resources

GPUs

We request time on the GPUs to compute the stochastically sampled perambulators on the 323×256
lattices at mπ ' 230 MeV and at mπ ' 380 MeV. A total of 7000 trajectories at the lighter pion mass
have been generated under the proposal of Edwards et al., yielding 350 thermalized configurations,
separated by 20 trajectories; on the heavier ensemble, we will employ 200 configurations.

Based on the observed volume scaling of the number of eigenvectors with the (spatial) volume, we
will need 512 eigenvectors, for which we will use Nsamp = 32 stochastic samplings of the eigenvectors
on each configuration. However, we need an independent sampling for each quark line beginning
at a given time slice. For the connected contributions, we consider the case of at most five quark
lines, corresponding to, for example, ∆→ πN scattering; for the case of the disconnnected, or more
accurately quark-annihilation, contributions to correlators, there are at most two quark lines. For
these quark-annihilation contributions, we will use Ndil = 64 temporal dilutions. The total cost of
these calculations is shown in Table 1; we request 1.84M GPU-hours, preferably at Jefferson
Laboratory.

Clusters

We propose to construct the correlation functions on the clusters at Jefferson Laboratory. Note that
the cost of the correlator construction is independent of the spatial size of the lattice, depending on
the number of eigenvector samples, Nsamp, the number of source points Nt0 and the number of sink
points Nt on which the correlator is constructed.

We obtain the cost of computing the meson correlation functions from our calculation of the
ρ −→ ππ correlators using 64 unsampled eigenvectors, obtained on 8 cores on the “9q” cluster at
Jefferson Laboratory; note that the cost of computing the meson correlation functions is N3

samp. For
the case of the baryon correlation functions, the cost scales as N4

samp, and therefore we will adopt a
smaller basis of operators and momenta, yielding a cost around eight times those of the mesons. We
request 20.9M “J/Psi” equivalent core hours, preferably at Jefferson Laboratory.
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Task Volume mπ Nsamp Nt0 Nt Ncfg Cost (Jpsi core-hours)

Mesons 323 × 256 230 32 32 48 350 1,480K
323 × 256 380 32 32 48 200 840K

Baryons 323 × 256 230 32 32 48 350 11,800K
323 × 256 380 32 32 48 200 6,780K

TOTAL 20,900K

Table 2: The cost of computing the correlation functions for both mesons and baryons, in JPsi core-
hours. Note that, in order to reduce the cost of the computation, we will only compute the correlation
functions for Nt = 48 time separations.

Object Storage/cfg (GBytes) Storage (TBytes)

Eigenvectors 96 52
Perambulators (u/d) 160 86

Perambulators (s) 96 52
Solution vectors (u/d) 180 97

Solution vectors (s) 108 58
Correlation functions 10

TOTAL 640 GBytes 355 TBytes

Table 3: The storage requirements for the various elements of the calculation, both per configuration
(GBytes) and for the 550 = 250 + 300 configurations (TBytes).

Storage

The spectrum project is currently storing 185 TByte of data. The storage requirements for this
project are shown in Table 3. Our program of computations require that we store the following:

• The Neigen = 512 eigenvectors on each timeslice, in single precision.

• The “perambulators”, corresponding to a matrix of dimension “Nsamp × Neigen”, in double
precision.

• For each of Nt0 = 4 timeslices on our lattices, we will store the solution vectors G(x), where
x is a point on our lattice, corresponding to M(x, y)G(y) = ξt0 where xi is a stochastically
sampled eigenvector, and M the Dirac operator. This will enable the subsequent calculation of
three-point functions for two plateaux region. These will be stored in single-precision, and for
only Nt = 24 timeslices in the plateau region.

• In addtion, we request 10 TByte for the storage of the correlation functions.

Thus we request tape storage of 355 TBytes, equivalent to 956K J/Psi-equivalent core-
hours. We further request disk storage of 80 TBytes equivalent to 2.2M J/Psi-equivalent core-
hours to enable efficient pipe-lining of our jobs, and for the storage of data for analysis.

Data sharing

We will store perambulators and solution vectors, which are of use for other projects, a major advan-
tage of the methodology.

10



Exclusivity

The computation of the meson and baryon excited-state spectra and resonances, using the continuum-
derived interpolating operators, are exclusive elements of the proposal. In addition, follow-on cal-
culations will investigate the radiative transitions between, and two-photon decays of, meson states,
following earlier studies in charmonium[24, 25, 26, 27]; this is also exclusive to this proposal, following
the reliable extraction of the spectrum.
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